Classically, black Holes have the rigid event horizon. However, quantum mechanically, the event horizon of black holes becomes fuzzy due to quantum fluctuations. We study Hawking radiation of a real scalar field from a fluctuating black hole. To quantize metric perturbations, we derive the quadratic action for those in the black hole background. Then, we calculate the cubic interaction terms in the action for the scalar field. Using these results, we obtain the spectrum of Hawking radiation in the presence of interaction between the scalar field and the metric. It turns out that the spectrum deviates from the Planck spectrum due to quantum fluctuations of the metric.
I. INTRODUCTION
Black holes in general relativity have shown us many fertile aspects of spacetime such as the event horizon, the singularity, Hawking radiation, and the connection with thermodynamics. Among these phenomena, Hawking radiation is particularly interesting because it gives a strong support to the thermodynamical interpretation of black holes. Moreover, it reveals an aspect of quantum gravity. Usually, Hawking radiation is explained by quantizing a free field in a fixed black hole background [1] . To be specific, we consider a real scalar field φ in the Schwarzschild black hole background
where r H is a constant of integration. When the radius coordinate r becomes r H , the spacetime seems to be singular. Of course, we know it is just a coordinate singularity and the position r = r H is the event horizon of the spacetime. The action for gravity with a scalar field reads
where G, g and R are the Newton constant, the determinant of the metric g µν and the scalar curvature. Classically, nothing can come out from the inside of the horizon. Quantum mechanically, however, it has been shown that black holes can emit radiation, the so-called Hawking radiation [1, 2] . Remarkably, it turns out that Hawking radiation has the Planck spectrum. This notable feature conforms to the black hole thermodynamics. However, taking look at the above action, we notice that the metric should be also quantized. Then, the event horizon becomes fuzzy, that is, black holes are fluctuating. The purpose of this paper is to study Hawking radiation from fluctuating black holes. Technically, we consider the interaction between the scalar field and the metric fluctuations. In particular, it is interesting to see if the Planck spectrum is modified by the interaction [3] [4] [5] whatever small it is. Apparently, this effect becomes significant if the horizon radius of black holes r h is close to the Planck length ℓ p . Recently, various Planck scale black holes and Hawking radiation from them have been considered [6] [7] [8] [9] . These black holes can be created at the LHC or in the early universe. Indeed, black holes would be created at the LHC if the dimension of space-time is more than six and braneworld picture is correct [10] . This is because the higher dimensional Planck mass becomes ∼ 1TeV which can be reached at the LHC. In other words, the mass of a black hole created at the LHC is of the order of the higher dimensional Planck mass. On the other hand, density fluctuations in the early universe could produce black holes with any mass. Black holes with 10 15 g created in the early universe lose their masses by Hawking radiation and become Planck scale just now. The spectrum of Hawking radiation from these black holes might be distorted due to the nonlinear interaction between quantum fields and the metric.
Here, we stress that, even for black holes much larger than the Planck length, the fluctuations of black holes might be relevant to Hawking radiation. The point is that the Planck spectrum of Hawking radiation stems from the exponential elongation of short wavelength quantum fluctuations which can exceed the Planck scale. Hence, the interaction between the scalar field and quantum mechanical fluctuations of the metric would be relevant even for the large black holes.
In this paper, we calculate the effect of nonlinear interaction on Hawking radiation of a real scalar field from a 4-dimensional Schwarzschild black hole. In order to achieve this aim, the canonically normalized quadratic action for metric perturbations and the interaction Hamiltonian are needed. Therefore, we first construct these actions by perturbing the Einstein-Hilbert action with a real scalar field. After that, we give a formalism to study Hawking radiation from fluctuating black holes.
The organization of this paper is as follows. In section II, we construct the quadratic action for metric perturbations by perturbing Einstein-Hilbert action in 4-dimensional Schwarzschild background. In section III, we quantize the field and derive Hawking radiation. In section IV, we present a method for treating interaction in spherical symmetric space-time and then calculate the cubic interaction Hamiltonian from the action of a real scalar field. Using these results, we calculate the effect of nonlinear interaction on Hawking radiation of a real scalar field. Section V is devoted to the conclusion. Technical details can be found in Appendixes.
In this paper, we use the convention 16πG = 1 and write the Schwarzschild metric as
where γ ab represents the metric of the sphere S 2 and M corresponds to the mass of the black hole.
II. METRIC PERTURBATIONS IN BLACK HOLE BACKGROUND
In this section, we derive the quadratic action for metric perturbations h µν in the Schwarzschild black hole background g (0) µν . Note that our derivation is slightly different from the original one by Moncrief [11] . Now, the metric is given by
µν + h µν .
(
Here, we can use the general coordinate invariance to reduce the number of variables. Under infinitesimal coordinate transformations x µ → x µ + ξ µ , h µν transforms as
which shows that there are 4 gauge degrees of freedom. Hence, we can fix 4 variables. Moreover, we can classify the remaining 6 variables into 4 scalar type and 2 vector type ones. Once the gauge is completely fixed, we can obtain the quadratic action. After eliminating unphysical variables using constraint equations, we finally obtain the reduced action for physical variables. It is easy to extend the analysis in this section to more general cases. In Appendix B, we present the analysis for topological Schwarzschild black holes with a cosmological constant.
A. Scalar Perturbation
First, we consider the scalar type perturbations
where |a denotes a covariant derivative with respect to γ ab . Under the scalar type gauge transformations ξ µ with
the perturbed variables change as
where ′ and · denote derivatives with respect to r and t, respectively. Then, choosing ξ L = −B/2, ξ 0 = −v −Ḃ/2 and ξ r = −rK/(2f ), we get the following metric perturbations
Using the above gauge, we obtain the quadratic action
where * means complex conjugate and we have defined
It is easy to solve as
where we have defined T (r) = rf ′ − 2f + γ s . In Eqs. (8), (9) , and (10), we expanded metric perturbations in terms of spherical harmonics Y ℓm like as H = H ℓm Y ℓm . Here, γ s ≡ ℓ(ℓ + 1). Since spherical harmonics satisfy the relation
This allows us to relate negative m modes to positive m modes. Hence, we can consider only m ≥ 0 modes in (8) . Note that m = 0 mode is real but m > 0 modes are complex.
From now on, we concentrate on m = 0 mode and omit the indices. We can get the same result for m > 0 modes with similar calculations. Taking the variation of the quadratic action (8) with respect to H 1 , we obtain the momentum constraint equation
This equation enables us to delete H 1 from the action (8) . Substituting this result (11) into the action (8), we obtain the action
Taking the variation of the action (12) with respect to the Lagrange multiplierH, we can derive the Hamiltonian constraint
Then, substituting q 2 = 0 into the action (12) and using the relations (10), we can express the action by q 1 . With a new variable ψ Z defined by
the quadratic action takes the canonical form
where r * represents a tortoise coordinate and we have defined the potential function as
We can also calculate the quadratic actions for m > 0 modes. Thus, we have
which gives the famous Zerilli equation
For later purposes, we deduce the relation between ψ Z ℓm and metric perturbations. From Eqs. (9), (10), (11) and (14), it is easy to get the relation between ψ Z ℓm and metric perturbations except forH. The results are
In order to get the relation between ψ Z ℓm andH ℓm , we need to look at the equation of motion for metric perturbations. Taking the variation of (12) with respect to H and w, we can get two equations
EliminatingH ′ ℓm from the above equations, we obtain the equation forH ℓm
Using this equation, the relation (19) and Zerilli equation, we can show thatH ℓm is related to H ℓm and w ℓm as
Since H ℓm and w ℓm are related to ψ Z ℓm by Eqs. (19) , this equation implies a relation betweenH ℓm and ψ Z ℓm .
B. Vector Perturbation
Next, we consider the quadratic action for vector type perturbations
where v a , w a and C a satisfy v a |a = w a |a = C a |a = 0. For vector type perturbations (24), the gauge transformations with
where ξ a satisfies the transverse condition. Then, we can completely fix the gauge by choosing ξ a = −C a /2, which is called Regge-Wheeler gauge. In the Regge-Wheeler gauge, metric perturbations are written as
Using the metric perturbations (27), we can calculate the quadratic action
where metric perturbations are expanded by vector harmonics V For a while, we concentrate on m = 0 mode and omit the indices. Taking the variation of the action (28) with respect to v, we can derive momentum constraint equation
We have to solve this constraint equation. However, it is not easy to do so. In order to circumvent this difficulty, we move on to Hamiltonian formalism. From the quadratic action (28), we can read off the Lagrangian
and also define the momentum conjugate to w as
Then, the Hamiltonian H is given by
Now, the constraint equation
gives the relation
We further perform the canonical transformation (w, p) → (Q, P ) to interchange the role of w and p
which leads to a new Hamiltonian
Using the Hamilton equation forQQ
we can go back to the Lagrangian formalism
With a change of normalization
the quadratic action (37) becomes
where r * represents a tortoise coordinate and we have defined the potential function
So far we have only considered the m = 0 mode in (28). Of course, we can also calculate the action for m > 0 modes. The result reads
which gives the Regge-Wheeler equation [13] − ∂
Finally, we clarify the relation between ψ RW ℓm and metric perturbations. From Eqs.(33), (35), (36) and (38), the relations are given by
In this section, we review Hawking radiation using a spherically symmetric collapsing model [1, 14] . In this model, it is assumed that outside of the collapsing matter can be described by the Schwarzschild metric
where f (r) = 1 − 2M/r. Here, M and γ ab are the ADM mass and the metric of S 2 , respectively. The action for the real massless scalar field
can be written as
where r * is a tortoise coordinate. Here, we used the harmonic expansion ϕ = φ ℓm Y ℓm /r. Note that ϕ is real. Hence, complex coefficients φ ℓm satisfy reality conditions φ ℓm = (−1) m φ * ℓ−m . Then, the equation of motion outside the matter ϕ ;µ ;µ = 0 can be written as
It should be noted that the quantization of metric perturbations can be performed in the same way as that of the scalar field explained below.
A. Quantization
Let us quantize the scalar field ϕ by promoting ϕ to the operator: 
Note that this equation is independent of m, so we used u ωℓ instead of u ωℓm . Here, the norm is defined by the inner product
where Σ is a Cauchy surface and dΣ µ means area element times a unit normal vector. Now, the canonical commutation relation implies the following commutation relations;
Using the property of spherical harmonics
Let us define φ ℓm by ϕ = φ ℓm Y ℓm /r. Then, we have
From Eq.(52), we see the following relations
These relations are equivalent to
which is nothing but the reality condition for ϕ. And this reality condition suggests that we can only consider m ≥ 0 modes. From (51) and (54), we can deduce the commutation relations for b ωℓm and d ωℓm for m ≥ 0 modes. The results are as follows.
• m = 0 modes
We can define b ωℓ0 = a ωℓ0 = d ωℓ0 (≡ c ωℓ ) from the relations (54). Using the commutation relations (51), we can show that
The commutation relations show that φ ℓ0 are real scalar fields whose annihilation operators are c ωℓ . Note that these scalar fields φ ℓ0 have the action (46).
• m > 0 modes
From the commutation relations (51), it is easy to show
Thus, φ ℓm (m > 0) are complex scalar fields whose annihilation operators are b ωℓm and d ωℓm . Note that complex scalar fields φ ℓm have the action (46).
B. Bogolubov Transformations
To introduce the Bogolubov transformation, we define complete orthonormal basis
Suppose that there are two kind of complete orthonormal basis of ϕ, {v ωℓm } and {v ωℓm }. As both {v ωℓm } and {v ωℓm } are complete basis, we can expand ϕ in two ways
where a ωℓm andā ωℓm are annihilation operators for v ωℓm andv ωℓm , respectively. Using these annihilation operators, we can define two kind of vacua as
Due to the completeness of {v ωℓm } and {v ωℓm }, we can expand v ωℓm as
or converselyv
where
′ are called Bogolubov coefficients. From the above formula, we can deduce the Bogolubov coefficients as
Since both complete basis are proportional to the spherical harmonics Y ℓm , Bogolubov coefficients are proportional to δ ℓ,ℓ ′ and δ m,m ′ , that is
Substituting (61) and (62) into (59) and using (64), we can get Bogolubov transformations between a ωℓm andā ωℓm as follows;
Furthermore, substituting the second relation in (65) into the first relation in (65), we see that Bogolubov coefficients satisfy
So far, we have considered Bogolubov transformation for ϕ. We can also describe Bogolubov transformation in terms of φ ℓm (m ≥ 0). In order to get Bogolubov transformation for c ωℓ which is defined by c ωℓ = a ωℓ0 , we set m = 0 in (65). Then, we get
Similarly, setting m > 0 in (65), we have Bogolubov transformation for b ωℓm which is defined in (54);
And we obtain Bogolubov transformation for d ωℓm by considering m < 0 in (65)
Finally, we calculate particles created due to the time evolution of space-time. It is assumed that {v ωℓm } is a natural base at the initial time ( "in region") and {v ωℓm } is natural at the final time ( "out region"). Furthermore, we assume that the initial state is |0 . Note that this state does not change because we use a Heisenberg picture. Under these assumptions, the number spectrum of ϕ particles at the final time can be expressed by
Then, using Bogolubov transformations for b ωℓm , c ωℓ and d ωℓm , we can calculate the number spectrum
This shows that we need β ωℓ,ω ′ ℓ defined in (63) and (64) in order to know the number spectrum. − corresponds to "in region" and I + represents "out region". In order to calculate β ωℓ,ω ′ ℓ , we must define natural basis in "in region" and "out region". We assume that outside of the collapsing matter is described by the Schwarzschild metric. Then, φ ℓm satisfy
in this region. Here, V φ is ignored because V φ dumps as O(1/r 2 ). Noticing (72), we choose the natural basis {u in ωℓ } and {u out ωℓ } defined by
Given the complete basis, we can calculate β ωℓ,ω ′ ℓ defined in (63) and (64). We have to choose Σ to calculate the inner product in the formula (63). Here, we take I − . Hence, it is necessary to know the behavior of u out ωℓ near I − . For that purpose, we use geometric optics approximation where the worldline of a particle is a null ray of a constant phase and trace this null line backward to I − . This approximation is quite good near the horizon H + because the frequency effectively becomes very large in this region. Hereafter, we write u = t − r * and v = t + r * . Furthermore, we define λ as an affine parameter with respect to n µ which satisfies λ = 0 on γ h . Near H ± , this parameter can be expressed as
where κ = 1/4M is the surface gravity and C and D are some constants. Because λ = const. line is also null line, geometric optics approximation suggests that λ = const. surface is equivalent to a constant phase surface. Then, the constant phase surface λ = −ǫ satisfies
and so
This means that u out ωℓ approximately behaves as
near I − . Then, we can calculate the inner products in (63) using (76). Note that (76) is a good approximation in |v| ≪ 1 but the effect from this region is dominant because the phase of u out ωℓ diverges. Therefore it is also a good approximation to use the expression (76) on I − in calculating inner products. The results of calculations are
and
This gives
Using the relation
derived from (66), we obtain Bogolubov coefficients β
Substituting this result into (71), we find that the observer in the asymptotic region see the thermal spectrum of ϕ particles. Actually, Eq.(81) diverges and is proportional to the delta function δ(0). We interpret this as
and introduce the regularization δ(0) = L hereafter. Namely, what we obtained is the number of particles created per frequency and per unit time. In the above formula, we have discarded this factor. However, we should keep in mind this fact in the following calculations.
IV. HAWKING RADIATION FROM FLUCTUATING BLACK HOLES
In this section, we consider interaction between the scalar field φ and gravitons ψ. First, we introduce a method for treating interaction in the spherically symmetric space-time [14] . Next, we calculate cubic interaction terms from the action (45). Finally, we evaluate the effect of interaction on Hawking radiation.
Here, we follow the notations in Sec.III, namely, we use φ ℓm defined by ϕ = φ ℓm Y ℓm /r and annihilation operators b ωℓm , c ωℓ , d ωℓm .
A. Interacting Quantum Fields in Curved Spacetime
Let us consider the Lagrangian
where L 0 represents the free field part of the action and L int is the interaction part. Furthermore, we assume that L int vanish both in the remote past (or "in region") and in the remote future (or "out region"). Under these assumptions, we can define asymptotic fields
where ϕ in and ϕ out satisfy equation of motion derived from L 0 . Therefore, using basis {
Y ℓm u out ωℓ (t, r * )} in "out region", we can expand asymptotic fields ϕ in as
and ϕ out as
From the above expansion, we can define four kind of vacua
Here, |0 in is a natural vacuum in "in region", while |0 out is natural in "out region". Other vacua are introduced merely for the computational purpose. Now we calculate the number of particles created due to the time evolution of space-time in the presence of interaction. Given the natural vacuum |0 in , the number spectrum of ϕ becomes 
Then,b out † ωℓmb out ωℓm can be expressed bȳ
The expectation value of this number operator in the state |0 in is given by 0 in|b
The first term of the right hand side of this equation is the same as (71) and so this term represents the conventional Hawking radiation. Hence, other terms in (90) are induced by interaction. In fact, these terms vanish if there is no interaction. Then, in order to know the effect of interaction on Hawking radiation, what we have to do is to calculate these terms. For later purpose, we decompose these terms into ω ′ = ω ′′ cases and
|0 in in (90) can be written as
The second term in the above equation reads 0 in|b
Therefore, Eq.(91) can be rewritten as
Similarly, we can evaluate expectation values 0 in|d 
These
In order to calculate 0 in|b
|0 in etc., it is useful to define the basis
which satisfy the completeness relation
Substituting (96) into just after 0 in| and just before |0 in , for example, we can calculate 0 in|b
|0 in as follows:
where L = δ(ω = 0).
Similar rules apply to 0 in|c
|0 in . In the same way, 0 in|c
•
And also 0 in|d
These results will be used in the calculation of S-matrix. Before moving on to calculations of S-matrix elements and clarify the effect of interaction on Hawking radiation, we need to calculate the interaction Hamiltonian.
B. Cubic Interaction terms
In this subsection, we derive cubic interaction terms in the following action
We put the metric
where g
µν is the background Schwarzschild metric. In the Regge-Wheeler and the convenient gauge, h µν reads
Using this gauge, we obtain the cubic action
We see that scalar and vector perturbations are decoupled, so we will calculate them separately.
Vector perturbations
In the action (105), terms including vector perturbations are
We expand these variables by harmonics; for example,
where V a ℓm are vector harmonics and Y ℓm are spherical harmonics. The result is
It is easy to show the relation D 
′′ in (107). Thus, using (43) and ϕ ℓm = φ ℓm /r, we can get cubic interaction terms
Scalar perturbations
Terms including scalar perturbations in the action (105) read
Using expansion by spherical harmonics like
we can write the action in the following form
where we have defined
These coefficients C 
and ϕ ℓm = φ ℓm /r, we can derive cubic interaction terms for scalar perturbations
These function A(r) etc. are regular outside the horizon. However, the other coupling functions in (113) are singular at the horizon because these terms are proportional to 1/f (r). We also have a relation
Note that we ignored the terms which is related to equation of motion for ϕ in (113). This is because these terms do not affect our calculation.
Total cubic interaction
We notice that the cubic interaction Hamiltonian have the following structure
From the interaction Hamiltonian (116), the first term of (109) can be reproduced by the replacement
Note that m takes the integer in the range −ℓ ≤ m ≤ ℓ; m ′ and m ′′ take the value in the same range. As is shown in Sec.III, φ ℓm (m > 0) are complex scalar fields and φ ℓ0 are real scalar field. By using reality conditions, we can rewrite the interaction Hamiltonian (116) using only m ≥ 0 modes. From now on, m moves in the range 0 < m ≤ ℓ unless we specify its range. With this notation, each term for scalar perturbation in (116) can be rewritten as 
′′ . However, such terms must vanish due to the fact
′′ . Similarly, the terms related to vector perturbations read
C. The spectrum of Hawking Radiation
In this subsection, we calculate the S-matrix elements which constitute the expectation values (97), (98), (99), (100) and (101) by using the cubic interaction (116). We here only consider the first order interaction and do not deal with loop diagram like FIG.3 . Under these assumptions, we consider the S-matrix elements like φ particle × 2; graviton × 1 out|0 in .
(120)
Then, we only consider (97) and (98) because the others do not include such S-matrix elements. Now, we derive the Feynman rules. Recall that φ ℓm and φ ℓ0 are written as
where u φ ωℓ satisfy Eq.(47) and the boundary condition in "in-region" (73). Then, we can deduce the Feynman rules as follows:
We can also obtain the Feynman rules for ψ Z and ψ RW . Note that ψ Z ℓm and ψ Z ℓ0 can be expanded as
where u Z ωℓ satisfy the Zerilli equation and the boundary condition in "in-region" (73). Then, the Feynman rules for
The same rules apply to ψ RW . Using such rules and Eq. (118), we can perform the following calculations
Note that only one term in (118) is related to this calculation. Consider another state |d
where the two terms in (118) are relevant. In the same manner, we can consider the terms related to ψ RW . For the state |d
Note that additional sign comes from the antisymmetric property
These results suggest that it is useful to define
Noticing that the effect of the first term of (109) on
Using these notations, we calculate (97) and (98) in the following.
Calculation of (98)
First, we consider ψ = 2 and one graviton". From (118), for both cases, this graviton should be "d-particle". In the former case, (98) becomes
where we have introduced the regularization b
Here, L has the dimension of the length. Note that we used
′′ in the last equality. In the above calculation, we used the formula ω ′′′ = L dω ′′′ . We can get the same result as this for the latter case and adding these results gives
We only calculated the case that φ ℓm is "b-particle" so far. The same calculation leads to the result for "c-particle"
and that for "d-particle"
Taking the summation of ℓ and m in (95), the effect of (98) on (95) is
Next, we consider ψ RW . Same calculation leads to almost the same result as (134)
Calculation of (97)
First, we consider ψ Z . In this case, we must consider n
= 2, the same calculation as before yields
Next, we consider n ′ bω ′ ℓm = 1. In this case, we must consider "another φ-particle and one graviton". Furthermore, if this additional φ-particle is "b-particle" with (ω,l,m), we must consider a different mode (ω ′ , ℓ, m) = (ω,l,m). Then, we have to calculate the followings
Note that the rule ω = L dω should be used when we evaluate these quantities. Taking look at (118), we see that the graviton in the first equation of (136) must be "d-particle". The result is given by
We can also calculate the second equation of (136). In this case, the graviton must be "d-particle". The answer becomes
In the last equation of (136), we have to consider all types of gravitons. More precisely, the sign ofm − m determines "particle" species. Thus, we obtain
This equation is divided into three parts, but only one has nonzero value for fixed m andm because
′′ . Then, after taking the summation of m ′′′ , we have
Summing up Eqs. (135), (137), (138) and (140), we see that the contribution from the tree diagrams to (97) becomes
So far, we have only considered the case there are at least one "b-particle" for φ. Calculating "c-particle" and "d-particle" and taking the summation of ℓ and m in (95), we obtain
Next, we consider ψ RW . With similar calculations with (98), we can get the result by replacing C with D and K with H in (142). The resultant expression becomes
Summary
To summarize, substituting these S-matrix into (95), we can write down the effect of interaction on Hawking radiation from the tree diagrams as
where α and β are calculated in (78). Recall that we should use the rule ω = L dω when we evaluate the second term in the above formula (144) and ω ′ in the second term should be 1 L dω ′ as understood from (93).
D. Cancelation of Divergences at horizon
There are coupling function h int which is proportional to 1/f (r) in the definition of K ωℓ ω ′ ℓ;ω ′′ ℓ ′′ , so it seems that K ωℓ ω ′ ℓ;ω ′′ ℓ ′′ would not converge. However, as you can see, the divergences cancel out each other. In the interaction (113), terms proportional to 1/f (r) are
Then, the contribution from these interactions to
where u Z and u φ satisfy Zerilli equation
and equation of motion for φ
In these equation, V Zerilli and V φ dump sufficiently first as r * → −∞ (or near horizon). Therefore, u Z and u φ behave as
Substituting these expressions into (146), we see that the contribution from near horizon vanishes. Indeed, the contribution from the pattern (u Z , u φ , u φ ) = (α,ᾱ,ᾱ) is clearly zero and that from the pattern (α,ᾱ,β) is cancelled out by the pattern (β,β,ᾱ). Thus, it turns out that K
′′ converge by taking into account the equations of motion for ψ Z and φ.
E. Deviation from Planck Spectrum
Now, we estimate the effect of interaction (144). To begin with, we estimate K
where u Z,RW,φ satisfy the boundary condition of "in region" (73). Using the geometric optics approximation, we can deduce the asymptotic solution
where u = t − r * and v = t + r * . Then, in order to estimate the effect of interaction, we approximate the solution in two ranges as
and we call the former range "outer area" and the latter range "inner area" ( see FIG.4) . We consider the case that all u Z,RW,φ in K
′′ are e −iωv . For both "inner area" and "outer area", this case does not contribute to the integral because this pattern is proportional to the delta function Since we only consider the positive frequency mode, the delta function gives zero. Hence, we need to consider only the mixed cases. We can show that the contributions from "outer area" always vanish. We have already considered the case that all u Z,RW,φ are e −iωv . Let us consider the cases that one of u is e −iωu . If we consider only the "outer area", this effect is negligible because the integral becomes
Similarly, we can show that the contributions from "outer area" for other cases are also zero. Therefore, we can concentrate on the contribution from "inner area". We consider only the dominant terms in interactions (109) and (113). First, we check the interaction terms proportional to 1/f (r). However, these terms do not affect the integral. Because we assumed (149), the same calculation as the last subsection shows that these terms do not affect. Secondly, we consider the terms which are proportional to f × 1/f in (113). These terms are
again these terms do not affect the integral from the same consideration as the last subsection. There are O(f 0 ) in (113);
And also exist in (109);
In (153), we can show that the first three terms becomes zero by using the same method as the last subsection and (115). Furthermore, the other terms in (153) behave B(r) → 0 and D(r) → 0 as r → ∞; and coupling function in (154) dumps as r → ∞. Then, these terms do not affect in the asymptotic region. This means that we can estimate the effect of these terms using not coupling functions but their value at the horizon , that is B(r = 2M ) ∼ 1/M , D ∼ 1/M and 1/r ∼ 1/M . Other terms can be neglected because their coupling functions are proportional to f /r. In fact, these terms do not affect both near the horizon and in the asymptotic region. Therefore, summarizing these, the dominant interactions in "inner area" are given by
Note that we ignored the constant factor. And 
Thus, the case with no derivative of e
′′ can be estimated as follows;
The integral in the above equation diverges. However, this divergence occurs because we only considered outside of the horizon. In fact, since the horizon fluctuates due to metric perturbations, we must extend the range of integral to inside the horizon. We assume the range can be extended by ǫ. Then, the integral converges as
Finally, using this result, we can evaluate the nonlinear effect. Assuming
where ω cut is a cut-off frequency. In the same manner, (142) can be estimated as
Here, we note the Bogolubov coefficients are explicitly given by 
Taking into account that u Z has dimension of the length, we can recover ℓ p . Thus, it turns out that the cubic interaction modifies Hawking radiation by the term proportional to
This effect is suppressed by the Planck scale. Therefore, the deviation from Planck distribution is very small but always exists .
V. CONCLUSION
In this paper, we have studied Hawking radiation from fluctuating black holes. For this purpose, we constructed the canonical quadratic action for metric perturbations and also obtained the cubic interaction terms in 4-dimensional Schwarzschild background. Taking into account cubic interaction terms in the action for a real scalar field, we derived the deviation from the Planck spectrum by considering only tree level diagrams. It turned out that the deviation is proportional to coth(πω/κ) . This result may have implications for black holes produced at the LHC and in the early universe. As is mentioned in the introduction, our analysis is also related to the trans-Planckian problem in Hawking radiation.
There are many works to be done. First of all, it is intriguing to investigate higher order corrections for metric perturbations, i.e. self-interaction terms of ψ. As the amplitude of quantum fluctuations of the metric is estimated as ℓ p /r h , these higher order corrections must be important if black holes become as small as Planck scale. Considering these terms, we can investigate "non-Planckianity" of Hawking radiation from black holes like Non-Gaussianity in inflation [15] . Furthermore, from the AdS/CFT correspondence point of view, these interaction terms will be important for three point correlation functions in CFT. It is also interesting to generalize the present analysis to higher dimensional Schwarzschild black holes. This generalization is important because higher dimensional black holes might be created at the LHC if dimension of space-time is more than six. The calculations would be more complicated, but the linear equations of motion have been already derived in [16] . Therefore, it would be possible to compute the effect of interaction even for higher dimensional black holes. It is also possible to consider gauge fields and fermions instead of a scalar field. Finally, since Einstein theory may not be valid near the Planck scale, it would be important to change the gravitational theory from Einstein theory to other theories motivated by quantum gravity. In fact, string theory predicts higher curvature corrections in addition to Einstein-Hilbert action [17] . Again, the linear analysis has been already done in [18, 19] . Hence, we can extend our analysis to these cases.
The spatial curvatures are calculated aŝ
According to 3+1 decomposition, Einstein-Hilbert action becomes
where g is the determinant of 3 dimensional metric and K is the trace part of extrinsic curvature. From now on, we callR − 2Λ "potential term" and K ij K ij − K 2 "kinetic term". Let us defineḡ ≡ N √ g and L =R + K ij K ij − K 2 − 2Λ. In order to calculate the quadratic action, we must expand g and L;ḡ =ḡ (0) +ḡ (1) +ḡ (2) + · · · and L = L (0) + L (1) + L (2) + · · ·, where (n) means the n-th order perturbation. Substituting these expressions into (B7), we obtain
In the above action (B8), we notice L (0) = 0 from (B5) and (B6). We also haveḡ (1) L (0) +ḡ (0) L (1) = 0 because this term is proportional to background equations of motion. Furthermore, because the extrinsic curvature of background vanishes, L (1) is given by the first order perturbation ofR,R (1) , and L (2) can be calculated as
Hence, the action becomes
This tells us that we only need the first order lapse function, shift vector and extrinsic curvature. Hereafter, we omit "ˆ", that is, R
ij means first order perturbation of 3-dimensional Ricci tensor, for example. Finally, we list up formulae for calculating perturbed quantities. The 3-dimensional background and perturbed metric are g ij and h ij , respectively. With this notation, the first and second order perturbations of the inverse metric are g
(1)ij = −g ik g jl h kl , g (2)ij = −g (1) ik g jl h kl = g im g kn g jl h mn h kl .
We can calculate Christoffel symbols from the following formulae 
Note that ; means covariant derivative with respect to the 3-dimensional background metric g ij .
